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Abstract

The flapwise motion of a cantilever beam with rotary oscillation is analyzed to investigate the dynamic
stability of the beam. The cantilever beam is regarded as a system subjected to parametric excitation
because the angular speed of the cantilever beam varies harmonically. To consider the stiffening effect due
to the centrifugal force, this study adopts the linear partial differential equation of flapwise motion, which is
derived by a modelling method using the stretch deformation instead of the conventional longitudinal
deformation. After the partial differential equation is discretized by the Galerkin method, the method of
multiple scales is applied. Using this method, the stability of the beam is analyzed for the variations of the
oscillating frequency and the maximum angular speed. In addition, to verify the stability results, the time
responses of flapwise motion are computed by the generalized-o time integration method.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

It is well known that the lateral stiffness of cantilever beams is influenced by rigid-body motion.
For instance, a rotating cantilever beam has larger bending stiffness than a stationary cantilever
beam, because rotation yields a stiffening effect due to a centrifugal force. Similarly, when a
cantilever beam swings periodically, that is, oscillates about the axis of rotation, the dynamic
bending stiffness varies harmonically. Therefore, a cantilever beam with rotary oscillation can be
regarded as a parametric excitation system.
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The vibration of a parametrically excited system was introduced by Faraday [1], and
fundamental mathematical bases were established in Refs. [2,3]. Stephenson [4] pointed out that a
column under the influence of a periodic load might be stable even though the steady value of the
load is twice that of the Euler load. Andronov and Leontovich [5] investigated the responses of a
straight elastic column to an axial periodic load. The results showed that a column could be
unstable if half of the oscillating frequency is close to one of the natural frequencies of the lateral
motion. In this sense, a large number of papers regarding problems involving parametric
excitations have been published [6-10]. Recently, Wickert and Mote [11] discretized the
distributed parameter model using single mode expansion to assess the perturbation solution.
Wickert [12] also investigated gyroscopic dynamic systems with unsteady rotation or translation.
Pakdemirli and Ulsoy [13] investigated the stability of a string travelling with a time-dependent
velocity. Hyun and Yoo [14] studied the dynamic stability of an axially oscillating cantilever beam
considering the stiffness variation. Lin and Chen [15] studied the dynamic stability of a rotating
composite beam with a constrained damping layer subjected to axial periodic loads. The dynamic
stability of a radially rotating beam subjected to base excitation was investigated by Tan et al. [16].
They also analyzed the parametric instability of spinning pretwisted beam subjected to spin speed
perturbation [17]. With a few exceptions, most of these studies have addressed the axially
oscillating problem.

On the other hand, Yoo et al. [18] analyzed the dynamics of a rotating cantilever beam. They
presented a linear modelling method for the dynamic analysis of a flexible beam undergoing
overall motion. This modelling method employs hybrid deformation variables (including a stretch
variable) along with a special linear strain measure. The advantage of the linear modelling method
is to accurately reflect the stiffening effect due to the centrifugal force, which is poorly estimated in
the classical linear modelling method [19-21]. Base on this modelling method, Chung and Yoo
[22] derived the partial differential equations of motion for a rotating cantilever beam and
presented a finite element analysis to investigate the natural frequencies and time responses.

This study investigates the dynamic stability for the flapwise motion of a cantilever beam by
using the method of multiple scales [23,24], when the beam oscillates in the rotation direction.
Because the angular velocity of the beam is given as a harmonic function of time, the beam can be
regarded as a parametrically excited system. To describe the flapwise motion, the linear partial
differential equation of flapwise motion derived in Ref. [22] is used. Since the partial differential
equation is not only linear but also captures the motion-induced stiffness accurately, the
differential equation is adequate for the stability analysis. After the equation is transformed into a
dimensionless form, it is discretized by the Galerkin method. Applying the method of multiple
scales to the discretized equations, the stability of the beams with rotary oscillation is analyzed for
the variations of the oscillating frequency and the maximum angular speed. To verify the results
of the stability analysis, the time responses of flapwise motion are computed by the generalized-«
time integration method [25].

2. Equation of motion

A cantilever beam oscillating about the rotation axis is shown in Fig. 1 where the angular speed
Q(¢) is given by a harmonic function of time ¢. The cantilever beam with length L is modelled as



J. Chung et al. | Journal of Sound and Vibration 273 (2004) 10471062 1049

L,

Q=Q,sinwt

xX+s L
u =ui+vj+wk

A (o) P

L

Fig. 1. Configuration of a cantilever beam with rotary oscillation.

the Euler—Bernoulli beam and fixed at point O of a rigid hub with a radius a. The orthogonal unit
vectors i, j and k rotate with the hub: i is along the beam before deformation, j is in the tangential
direction of the hub, and k is in the direction of the hub axis. In Fig. 1, the straight and curved
beams represent the beams before and after deformation. When point P* moves to point P, the
deformation of the beam may be described by the longitudinal deformation u, the chordwise
deformation v and the flapwise deformation w, in the directions of i, j and Kk, respectively.
However, this study adopts the stretch deformation s instead of the longitudinal deformation u,
because the use of stretch deformation has an advantage over the use of longitudinal deformation,
as pointed out in the introduction.

As presented in Ref. [22], the relationship between the stretch, longitudinal, chordwise and
flapwise deformations is given by

1Y fav\* [ow\?

e 2/0 [(%) +<5n> ]dn’ @
where 7 is a dummy variable. The equations of motion for a cantilever beam undergoing overall
motion may be obtained by using s, v and w instead of u, v and w. The detailed procedures to
derive the equations of motion can be found in Ref. [22]. The equations of streching and
chordwise motions are coupled to each other while the equation of flapwise motion is not coupled
with the other equations. Therefore, the equation of flapwise motion can be solved independently
of the other equations.

Only the flapwise motion described by w is considered in this study. Since the excitation is
applied in the plane including the stretching and chordwise motions, the stability of the stretching
and chordwise motions can be simply guaranteed unless the oscillating frequency matches one of
those natural frequencies. However, the stability of the flapwise motion cannot be easily checked,
because the system of concern is a non-autonomous system with parametric excitation. Thus, the
stability of the flapwise motion for the rotary oscillating cantilever beam is the main issue of this
study. According to Ref. [22], when there is no applied force in the flapwise direction, the linear
partial differential equation of flapwise motion is given by

o*w w

0 1 ow
pAW—i_ Elyw — pAQZ&{ |:a(L _ X) +§(L2 o x2):|_} _ O, (2)
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where p is the mass density, 4 is the cross-sectional area, E is Young’s modulus, and /, is the area
moments of inertia about the y-axis. The associate boundary conditions are given by

ow *w  w
w:azoatx:o, @:@:0, at x = L. 3)
It is assumed in this study that the rotary oscillating speed is prescribed by a harmonic function
Q1) = Q) sin wt, 4)

where € is the maximum angular speed and w is the oscillating frequency.

To obtain more general results and conclusions, the equation needs to be transformed into a
dimensionless form. For the purpose of the transformation, the following dimensionless variables
need to be introduced:

t
w*:%, = *:%,a*:%, QS‘zTQo,co*:Tw, (5)

Fade
AL*
T = ,/”EI . (6)
y

Using these dimensionless variables, the equation of flapwise motion may be expressed in a
dimensionless form. Dropping the asterisks from the dimensionless equation, the equation of the
flapwise motion in the dimensionless form is given by

Pw w5, ., 0 1 NG
PR Qgsin a)ta{ [a(l —X)+ 5(1 — X )]a} =0, for0<x<l. (7)
In order to find an approximated solution in a finite dimensional function space, the Galerkin
method is used in this study. The solution of Eq. (7) is approximated by a series of comparison
functions that satisfy both the essential and natural boundary conditions. The trial function for
the approximated solution may be expressed as

where

N
Wt X) = () Wi(), (8)
n=1

where N is the total number of comparison functions, u,(#) are unknown functions of time to be
determined, and W,(x) are the eigenfunctions for the bending vibration of the stationary
cantilever beam:

sinh o, — sin o, | . .
“ "~ (sinh o, x — sin a,x), 9)
cosh o, + cos o,

W, (x) = cosh o,,x — cos o, x —

in which o, are the roots of
cosa,cosho, +1 =0. (10)

The weighting function or the virtual function corresponding to Eq. (8) is given by

N
B X) = () Wa(x), (11)
n=1
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where #,(¢) are arbitrary functions of time. It is noted that the comparison functions W, (x) satisfy
the associated boundary conditions given by
ow *w Pw
w:azo at x =0, @zﬁzo at x = 1. (12)
Discretized equations of motion are determined by using Egs. (8) and (11). Consider an
equation obtained by substituting Eq. (8) into Eq. (7), multiplying the resultant equation by
Eq. (11) and then integrating it over the domain 0<<x < I. If this equation is collected with respect
to i,(t), their coefficients provide the discretized equations since i,(f) are arbitrary. The
discretized equations of flapwise motion may then be expressed as

N
m+¢w+mmﬁw§ymwzo forn=1,2,-,N, (13)

m=1

where the superposed dot represents the differentiation with respect to time; w,, ¢ and f,,, are
given by

todtw, ' @
W, = </0 W,,de> . S—Z,
Ly d vy oy W
fnm = _/0 Wna{ [Cl(l —X)-i-i(l — X )] dx }dx (14)

Note that the dimensionless natural frequency of the stationary cantilever beam, w,, is equal to
the square of the root of Eq. (10), o2

3. Method of multiple scales

The method of multiple scales is used to investigate the stability of the cantilever beam with
rotary oscillation. Eq. (13) represents a typical parametrically excited system since the last term on
the left-hand side of Eq. (13) is a periodic function of time. Following the method of multiple
scales, the solution of Eq. (13) can be constructed by using a three-term approximation:

un(t; &) =uno(To, T, To) + eun(To, Th, To) + eun(To, Ty, To), (15)

where T} are independent variables defined by
Ti =t fork=0,1, 2. (16)
Note that Ty and 7 are called the fast scale and the slow scale respectively. The fast scale is
associated with changes occurring at the frequencies w and w,, while the slow scale is associated
with modulations in amplitudes and phases occurring at frequencies much lower than w and w,,.

Substituting Eq. (15) into Eq. (13) and collecting the resultant equation in terms of &, the
coefficients of ¢°, ¢! and & provide the following partial differential equations:

Dg“nO + wﬁun() = 0; (17)

N
Dt + @ty = —2DoD1uuyo + [expQRiwrTy) + exp(=2iwTo) — 21> furttyo, (18)
r=1
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Dounz + wnu,,z = — 2D0D2uno - Dluno — 2D0D1un1

N
+ [expRiwTo) + exp(—2iwTo) = 21> furltr, (19)
r=1
where i = \/—1 and Dy = 0/0T}. It should be noted that the effective excitation frequency is 2w
in Egs. (18) and (19), which is originated from sin’wz of Eq. (13). This is different from other
problems. For instance, the equation of motion for an axially oscillating cantilever beam has sinw¢?
instead of sin’ wr.

3.1. First order expansion

Related to the first order expansion, the transient curves, which divide stable and unstable
regions, can be achieved by considering only u, and u,; from Eq. (15). The general solution of
Eq. (17) can be written in the form

uno = An(T1, Tr)exp(iw,To) + cc, (20)

where A, are the complex amplitudes slowly varying with time and cc represents the complex
conjugate of the preceding term. It should be noted that 4,, are complex functions of only 7} and
T>. Introduction of Eq. (20) into Eq. (18) leads to

Dgunl + wﬁunl = — 2iw, D Aexpiw,Ty)

N
+ an,A,.{exp[i(w, + 2w)Ty] + expli(w, — 2w)Ty] — 2exp(iw, Ty)} + cc. (21)
r=1
The complex functions A, should be chosen to satisfy the conditions that u,; are bounded. If the
terms on the right-hand side of Eq. (21) have the excitation frequency w,, resonance occurs
because the excitation frequency coincides with the natural frequency. These trouble terms, called
the secular terms, should be eliminated from the right-hand side of Eq. (21).
Consider the case that w is away from (w,+ w,)/2 for all possible positive integer values of p
and ¢. In this case the secular terms are eliminated when the following condition is satisfied:

iw,D\A, + funAn, =0 for all n. (22)

The particular solutions of Eq (21), when o is away from (w, +w,)/2, are given by

Uy = anr r{exp [i(w, + 2co)T0] n expli(w, — 2(0)T0]}

(0, + 2w)* — (0 — 20)* — w2
Nk
HZmﬁmwﬂ. o
r=1,r#n V n

Related to the stability criteria of the cantilever beam with rotary oscillation, the transient
curves can be obtained from the conditions to eliminate the secular terms from approximate
solutions. As shown in Table 1, there does not exist the case where w is simultaneously near
(wp + wy)/2 and (w; — wi)/2 for any integer values of p, ¢, / and k. In addition, since f,, are
symmetric, namely, f,, = f;, as illustrated in Table 2, there is no unstable solution for the case
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Table 1
Characteristic values o,, and the dimensionless natural frequencies w, of the stationary cantilever beam
n o, wy,

1 1.875104 3.516015

2 4.694091 22.034492

3 7.854757 61.697214

4 10.995541 120.901916

5 14.137168 199.859530

6 17.278760 298.555531

7 20.420352 416.990786

8 23.561944 555.165248

9 26.703538 713.078918
10 29.845130 890.731797
Table 2
Values of f,,, of the rotary oscillating cantilever beam when « = 0

m

n 1 2 3 4 5

1 1.193336 —0.685855 —0.792379 —0.546413 —0.454075
2 —0.685855 6.478225 0.169408 —2.911851 —1.889167
3 —0.792379 0.169408 17.859520 3.274272 —6.154417
4 —0.546413 —2.911851 3.274272 36.055388 8.570157
5 —0.454075 —1.889167 —6.154417 8.570157 60.801076

where o is near (w, — w,)/2. The reason is that unstable solutions occur when f,, and f,, have
different signs [24]. Therefore, the transient curves need to be considered only when « is near
(wp + @y)/2.

When o is near (o, + w,)/2, the nearness of w to (w, + w,)/2 can be expressed by introducing
a detuning parameter o, defined by

1 1
a)zz(wp—i-wq)—i-isal. (24)

After substituting Eq. (24) into Eq. (21), application of the conditions to eliminate the secular
terms yields

2iw,Di Ay + 2fpp Ay — frgAgexplio Th) = 0, (25)
2iwy DAy + 2fygAy — fipApexplio) Ty) = 0, (26)
where 4, and A4, are the complex conjugates of 4, and 4,. From the condition that non-trivial

solutions of Egs. (25) and (26) should be bounded, the transition curves, separating the e—w plane
into stable and unstable regions, are obtained. The transition curves for the first order
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approximation are given by

(wp + wy) + (F pa /A ) (27)
where
Iy =t yJu g oo (28)
w, Wy wpwy

3.2. Second order expansion

The transient curves for the second order expansion are obtained from the conditions that the
solutions for uy,, u,; and u,, should be bounded. Since the conditions to eliminate secular terms
for u,0 and u, have been investigated in the previous section, the conditions for u,, will be
examined in this section. Introduction of Egs. (20) and (23) into Eq. (19) leads to

Dl + ity = — (2ia),,D2A + D3 A,)exp(io, Tp)

expli(ws + 4w)Ty] — 2expli(ws + 2w) To] + expl(iows 1)
— Z anrflsA { (a)s + 20))2 —w?

r=1 s=

n expli(wy — 4w)Ty] — 2expli(ws — 2w) To] + exp(iomsTp)
(05 — 20)* — w?

+ 22 Z Ffind S{CXP [i(c0, + 20) To] + expli(o; — 20)To] — 2exp(ia)ST0)}

2 2
r=1 s=1,s#r @ @;

+2i ZN:fnrDl A, {(wr + 2w)expli(w, + 2w)Ty] n (0, — 2w)expli(w, — Zw)To]}

(0 + 20)* — w? (0, — 20)° — >
T
_ 4 Z fuD1 A eXp(‘“"2 ) e (29)
r=1,r#n W

Since Eq. (23) is obtained when w is far from (w, + w,)/2 and this equation is used to derive
Eq. (29), under any resonance conditions the last two terms on the right-hand side of Eq. (29) do
not produce the secular terms in u,,. Therefore, these terms will not be considered in this section.

When o is away from both (w, + w,)/2 and (w; + w)/4 for all possible integer values of p, ¢, k
and /, the secular terms are eliminated from u,; if the following condition is satisfied:

2im, Dy A, + DI A, 4 2w,),A4, = 0, (30)

where

1 1
Xn = nrJrn +
=20, Zl:f & (0p + 200 — 2 (0, — 20)* — w?

2 > Sunfm_ (1)
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Using Egs. (22) and (30), it is easily proved that A, is bounded. Therefore, the solution of u,, is
stable if w is away from both (w, + w,)/2 and (w; + wy)/4.

Next, consider the case in which o is near (w, + w,)/2. Using the detuning parameter defined
by Eq. (24), the conditions that the secular terms are eliminated from u,, may be expressed as

2iw,Dr A, + DiAp + 20,7, Ap — 2w1,,44 exp(io) T1) = 0, (32)
2iwyDr Ay + D2 Ay + 24744 2ququpexp(1al T)) = (33)

where

N N N
zpzilz VT S TR S ] .

20)]’ r=1 ((’UP + 260)2 - (’0;2 r:l,r;éq(wp - 2('0)2 - r r= Il#pw @y
| v Joitrg f,,,f,q
o= (35)
= 20‘)P [;:;ép (wq - 260)2 - r r IEI#q ‘1

Note that 4, and A4, are functions of both 7 and 7. Hence, both the first and second order
expansions should be considered simultaneously. For this purpose, combining Egs. (25) and (32)
as well as Eqgs. (26) and (33), the following equations may be obtained:

2

104 5
-5 + 2a)px,,>

d4,
21a)p
dt
P

4p

1
2efpp + & <4A1n1

2 (Sonfoa  Jaalpa oifpg )| .

— il P —H 1A =0 36
&fpg + € (2(0; 20,0, Wplyy + 20, ¢ €xpieo 1) , (36)

A, 1 " )

2iw, —— dt 2efyq + & 4qu — 2 + 2474 | | 44
q
- 2 Jaddap  Tonfap o\ | 5 . _

+ | —efp +e (2—605 — 20,0, —2w4n,, + 20, Apexp(ieait) = 0. (37)

For a similar reason as before, Egs. (36) and (37) should have non-trivial solutions whose
magnitudes are bounded. From theses conditions, the transient curves can be determined. The
transient curves of the second order expansion when w is near (w, + w,)/2 may be expressed by

1 1
:E(wp+wq)+§8(quivAp4)_T682
40, + A (2 LY 87+ ) a1, — 2Py — 2% 38
pa t Apg + (Zp + 7q) £ pq\ Hpg Npq Ngp ) | (38)
o v B2 T

where

2 2
Bpy =TE+70, Dy /) (39)
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Finally, consider the case that o is near (w, + w,)/4. Similarly to Eq.(24), a detuning
parameter o, is used, which is defined by

1 1
® = (wp + wy) + 7502 (40)

After substituting Eq. (40) into Eq.(29), from the conditions that the secular terms are
eliminated, the following equations can be obtained:

2iw,Dr A, + DiAy + 20p1,A, + 20,11, Agexplioa Ty) = 0, (41)
2iwgDrAq + DiAg + 2043,A4 + 20441, Apexplioy Ty) = 0. (42)
where
I & Todar
Ipg = P . (43)

20 (g — 20) —

As pointed out in the previous paragraph, since 4, and 4, are functions of both 7} and 7>, both
the first and second order expansions should also be considered simultancously. Combining
Eqgs. (25) and (41) results in

a4, | 2\ | _
2iw,, d—tp + |2¢efy, + & (2@,,)(1) —%) A, + 282wpuquq exp(iea,t) = 0, (44)
L rJ
while combining Egs. (26) and (42) results in
. d4, _ 2 / ;124 ] 2 i .
2wy, aO + | 2efyq + & | 2047, — 2 Ay + 2" wgu,,A, explicoat) = 0. (45)
L 1/ ]

From the conditions that Eqgs. (44) and (45) have bounded non-trivial solutions, the transient
curves, when  is near (o, + ®,)/4, may be expressed as

1 I I
0 = 3@+ 0 + 1oy + 52 201+ 1) — Ppy L4y Tl | (46)

Although, in general cases, the second order transient curves may exist around o= (w, — w,)/4,
such is not true for the cantilever beam with rotary oscillation.

4. Stability analysis

The stability of a cantilever beam with rotary oscillation is analyzed for variations of the
oscillating frequency and the maximum angular speed. For simplicity, the hub radius « is assumed
as zero and discussion of the first order expansion is omitted from this paper. In order to obtain
the transient curves and time responses, the dimensionless partial differential Eq. (7) is discretized
into 10 ordinary differential equations. In other words, N in Eq. (13) is selected as 10. The
transient curves obtained from the second order expansion are plotted in Fig. 2 for the variations
of w/w; and ¢/w?. In Fig. 2, the hatched parts represent the unstable region and the remaining
part represents the stable region. The boundaries of the unstable regions for w = i, (0 + w,)/2
and w; are defined by Eq. (38) while those of the unstable regions for w = w,/2, (v + w2)/4,
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Fig. 2. Stability plot of the second order expansion for the cantilever beam with rotary oscillation.

@2/2, (01 + w3)/4 and (w; + w3)/4 are defined by Eq. (46). It is interesting to observe that the
unstable regions near o = (w, + w,)/2 are relatively larger than those near w = (w, + w,)/4. In
fact, the unstable regions obtained from the first order expansion are not much different from the
unstable regions near w = (w, + w,)/2 of Fig. 2. It is also seen in Fig. 2 that the unstable regions
become large as the maximum angular speed, i.e., 8/@% increases.

The results of the stability analysis are verified by investigating the time responses. Applying the
generalized-o time integration method [25] to the discretized equations given by Eq. (13), the time
responses for the flapwise displacement are computed at the free end of the beam. The beam is
initially deformed by a static force at the free end. The displacement at the free end is 0.01 and the
beam is released from rest. The algorithmic parameters of the generalized-« method are selected
for the case without numerical dissipation and the time step size for numerical integration is 0.01.
Time responses are computed for 12 points marked in Fig. 3.

First, the time responses when o is near (w, + ®,)/2 are examined. For three points that are
located at w ~m, time responses are computed and presented in Fig. 4. The co-ordinates of points
Ay, A> and Aj in Fig. 3 are (1.0, 0.35), (1.33, 0.2) and (1.33, 0.35). Points 4, and A, are in the
stable region but point A3 is in the unstable region, as shown in Fig. 3. Fig. 4(a) demonstrates that
the time response for point A4, is bounded by a limited value, even though the excitation frequency
is equal to the first natural frequency of the stationary cantilever, namely, w;. When the oscillation
frequency and the maximum angular speed correspond to point 4,, the time response, as shown in
Fig. 4(b), has frequency modulation and it is also bounded. However, for point 43, which is inside
the unstable region, the amplitude of the time response increases with time, as illustrated in
Fig. 4(c). Therefore, it is verified that the stability results of Fig. 3 well agree with the behaviours
of the time responses of Fig. 4. When the oscillating frequency w is near (w; + w,)/2, time
responses are also examined for points B;(3.68, 0.2) and B»(3.83, 0.2). Since the time responses of
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Fig. 3. Points selected to verify the stability of the cantilever beam with rotary oscillation.
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Fig. 4. Time responses of the cantilever beam with rotary oscillation for (a) point 4,(1.0,0.35), (b) point A4,(1.33,0.2)

and (c) point A43(1.33,0.35).

Fig. 5 are bounded and unbounded for B; and B,, respectively, the stability analysis near w =
(w1 + ®2)/2 is reliable. Similarly, the stability can be verified in the neighbourhood of w = w,.
Fig. 6 shows time responses for points C;(6.2669, 0.3), C5(6.56, 0.15) and C5(6.56, 0.3) of Fig. 3.
Because the time responses for points C; and C, are bounded and the response for point Cj is
unbounded, the behaviours of the time responses well coincide to the stability results of Fig. 2.
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Fig. 5. Time responses of the cantilever beam with rotary oscillation for (a) point B;(3.63,0.2) and (b) point
B>(3.83,0.2).
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Fig. 6. Time responses of the cantilever beam with rotary oscillation for (a) point C;(6.2669,0.3), (b) point
C5(6.56, 0.15) and (c) point C5(6.56,0.3).

Next, the stability results around o = (w, + ®,)/4 are investigated. Consider points D;(0.5, 0.3)
and D,(0.64, 0.3) of Fig. 3, which are located near w = w;/2. These two points are in the stable
and unstable regions, respectively. Time responses computed at points D and D», plotted in Fig.
7, show bounded and unbounded responses. Hence, it can be said that the stability results near
® = w;/2 are validated. Consider the case that the oscillating frequencies are near w =
(w1 + ®2)/4 and o = w, /2. Points E;(2.011, 0.4) and E»(3.27, 0.3) are in the unstable regions of
Fig. 3. As expected, time responses corresponding to points E; and E, increase with time as
presented in Fig. 8. In contrast to the other time responses, the vibration amplitudes very slowly
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Fig. 7. Time responses of the cantilever beam with rotary oscillation for (a) point D;(0.5,0.3) and (b) point
D»(0.64,0.3).
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Fig. 8. Time responses of the cantilever beam with rotary oscillation for (a) point E(2.011,0.4) and (b) point
E»(3.27,0.3).

increase with time. However, the unstable regions near o = (o) + w3)/4 and o = (w; + w3)/4 are
too narrow to find a point at which a time response becomes unstable. Numerical errors in the
computed natural frequencies w,, of Table 1 and the values f,,, of Table 2 may make it difficult to
find a point where a time response is unbounded. In fact, even if points £3(4.763101039,0.25) and
E4(6.072859571,0.25) are inside numerically computed stable regions, time responses correspond-
ing to these points do not exhibit unstable behaviours even over a very long duration, e.g., 1000.

Finally, it is interesting to discuss the unstable time responses in more detail. Note that the
unstable responses when w~w, grow dramatically with time, as shown in Figs. 4(c) and 6(c),
while the unstable responses when wxw,/2, (v, + w,)/2 or (v, + w,)/4 grow gradually, as
shown in Figs. 5(b), 7(b) and 8. This implies that only the primary resonance corresponding to
w =X w, possesses a rapid increase in amplitude. The secondary resonance when w~w,/2 and the
combination resonance when o= (w, + w,)/2 or (w, + w,)/4 show a slow increase in amplitude.
One more interesting phenomenon can be observed in Figs. 5(b) and 6(c). The time responses
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shown in these figures have two main frequency components: one is near w; and the other is near
;. Comparison of these frequencies yields the fact that w, is approximately three times of w,
that is, wy~3w;. Therefore, it may be concluded that the internal resonance occurs in the
responses plotted in Figs. 5(b) and 6(c).

5. Conclusions

The dynamic stability of the flapwise motion is analyzed for the cantilever beam with rotary
oscillation. To describe the flapwise motion, this study adopts the linear partial differential
equation with parametric excitation, which is derived by using stretch deformation instead of the
conventional longitudinal deformation. After this partial differential equation is transformed to a
dimensionless equation, it is discretized by the Galerkin method. By applying the method of
multiple scales to the discretized equations, the stability plot is obtained for the variations of the
oscillating frequency and the maximum angular speed, and then the stability of the flapwise
motion is investigated. The results of the stability analysis are verified by time responses computed
at several points on the stability plot.

The results of the stability analysis can be summarized as follows:

(1) The unstable regions exist when the oscillating frequency o is near (w, + w,)/2 or (w, +
wy)/4, where w, and w, are the natural frequencies of the stationary cantilever beam and p
and ¢ are positive integers.

(2) The unstable regions become large as the maximum angular speed increases.

(3) The unstable regions when w=(w, + w,)/2 are relatively larger than those when w=(w, +
wg) /4.

(4) The unstable regions when o= (w; + w3)/2 or ®=(w> + w3)/2 are too narrow to find points
at which time responses become unstable.
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